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ZETA AND L-FUNCTIONS OF FINITE QUOTIENTS OF APARTMENTS
AND BUILDINGS
MING-HSUAN KANG, WEN-CHING WINNIE LI, AND CHIAN-JEN WANG
Abstract. In this paper, we study relations between Langlands L-functions and zeta func-
tions of geodesic walks and galleries for finite quotients of the apartments of G =PGL3 and
PGSp4 over a nonarchimedean local field with q elements in its residue field. They give rise
to an identity (Theorem 5.3) which can be regarded as a generalization of Ihara’s theorem
for finite quotients of the Bruhat-Tits trees. This identity is shown to agree with the q = 1
version of the analogous identities for finite quotients of the building of G established in
[KL14,KLW10,FLW13], verifying the philosophy of the field with one element by Tits. A
new identity for finite quotients of the building of PGSp4 involving the standard L-function
(Theorem 6.3), complementing the one in [FLW13] which involves the spin L-function, is
also obtained.
1. Introduction
For a discrete subgroup Γ of an algebraic group G over a nonarchimedean local field
F with q elements in its residue field, two topics play important roles in the study of Γ.
The first is representation theoretic. The unramified irreducible subrepresentations of the
regular representation of G on L2(Γ\G) admit Langlands L-functions defined using their
Satake parameters. The second is geometric in nature. The classifying space of Γ can be
chosen as the quotient by Γ of the Bruhat-Tits building B of G, denoted by BΓ. The building
B is the union of apartments, which are Euclidean spaces endowed with the structure of a
simplicial complex. These special features allow us to define geodesics and their counting
functions, called zeta functions.
The connection between the L- and zeta functions was first studied by Ihara [Iha66] in
1960’s for the case G = PGL2, a split algebraic group of rank one. Essentially, he showed
that the zeta function (of geodesic walks) and the L-function of a discrete cocompact torsion-
free subgroup Γ of G are both rational functions in u and their ratio is equal to (1 − u2)
raised to the Euler characteristic of the finite graph BΓ. Bass [Bas92] generalized Ihara’s
result from cocompact to cofinite subgroups by adding a weight function in zeta functions;
Hashimoto [Has89] studied the subgroups of SU(3), which is a non-split algebraic group of
rank one.
Since the space L2(Γ\G) and the building of G are well-defined for higher rank algebraic
groups, it is natural to seek extensions of Ihara’s theorem to discrete subgroups of such
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groups. Little was known until the recent work [KL14,KLW10] and [FLW13], which gener-
alize Ihara’s result to certain split algebraic groups of rank two, namely PGL3 and PGSp4,
respectively. For a rank two group, in addition to the zeta function of geodesic walks as
in a rank one group, one also considers the zeta function of geodesic galleries. These are
generalizations of the Selberg zeta function to the p-adic setting. The extended Ihara’s the-
orem for rank two groups is an identity involving the L-function and these two kinds of zeta
functions, reminiscent of the zeta function for a smooth irreducible projective surface defined
over a finite field. Moreover, the Artin L-functions of the discrete torsion-free cocompact
subgroups of PGL3, extending those for PGL2 in [Iha66,Has90,Has92], are investigated in
[KL15], where a similar identity involving the Artin L-function is established.
For algebraic groups of higher rank, as revealed in [KL14,KLW10,FLW13], the situation is
a lot more complicated. It could be illuminating to first consider the degenerate case following
the philosophy of the field with one element introduced by Tits. This was considered for
G =PGLn over the 1-adic field Q1 in [DK16]. In this case, the group G(Q1) is isomorphic to
the extended affine Weyl group and its building is a single apartment. Other approaches to
study zeta functions for algebraic groups of higher rank are explored in [KM16] and [DKM15],
which only concern geodesics in the highest dimension.
The purpose of this paper is to study L- and zeta functions associated to finite index
subgroups Γ of the extended affine Weyl group Wext of a simple split algebraic group G of
adjoint type. In this case, Wext modulo the Weyl group can be identified with the hyper-
special vertices of the standard apartment A of the building B attached to G(F ); thus this
is indeed the degenerate case of our ultimate goal. We show how these functions are related.
Compared to the aforementioned known results [KL14,KLW10,FLW13] in the building case,
the relations in the apartment case appear to be more transparent. The L- and zeta functions
are attached to an irreducible representation of the Langlands dual group Gˆ(C) of G(F ),
which makes relations much clearer and also allows for further generalization. Special focus
is on the groups G =PGL3 and PGSp4. We develop a unified approach to obtain an identity
extending Ihara’s theorem for such G in the apartment case (Theorem 5.3), and compare
them with the results established in [KL14,KLW10,FLW13] for the building of G.
This paper is organized as follows. The basic concepts of an apartment A and Langlands
L-functions are reviewed in §2, and zeta functions of walks are defined in §3. In §5 a new
concept, the gallery of π-chambers, and the zeta function of such galleries are introduced.
Theorem 3.2 relates the L-function to counting closed walks in A. No similar expressions for
the building B are known. The quotient AΓ = Γ\A is a simplicial torus when Γ is a subgroup
of the coroot lattice. This case is handled in §3. §4 and §5 are devoted to understanding
the remaining case, where AΓ is a Klein bottle provided that G has rank 2. For this we
specialize to G =PGL3 and PGSp4. The L-functions and zeta functions of walks are studied
in §4 and zeta functions of galleries in §5. Explicit connections between the L-function and
the zeta function of walks are given in Theorem 3.3 for tori and Theorem 4.6 for Klein bottles;
and the relation between the zeta function of walks and that of galleries is summarized in
Theorem 5.2 for both cases. Combined, they yield Theorem 5.3, a generalization of Ihara’s
theorem. In §6 we turn to the buildings of G =PGL3 and PGSp4. It is shown that the
zeta functions studied in [KL14, KLW10, FLW13] agree with the zeta functions defined in
this paper using group theoretic language, and, upon setting q = 1, the (more complicated)
identities established in [KL14,KLW10,FLW13] for buildings do reduce to the identities for
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apartments, verifying the philosophy of Tits. Moreover, we obtain a new identity, Theorem
6.4, for finite quotients of the building of PGSp4 involving the L-function associated to the
degree-5 standard representation of Spin5(C). This complements the results in [FLW13] for
the L-function associated to the degree-4 spin representation of Spin5(C). By letting q = 1
in the new identity, we see that it also compares well with the corresponding identity on the
apartment.
2. Preliminary
2.1. Root data and dual groups. Let G be a connected simple split algebraic group over
a local field F with a discrete valuation ordF . Let T be a maximal split torus contained in
a Borel subgroup B. The rational character group and the cocharacter group of T are
X(T ) = Hom(T,Gm) and Y (T ) = Hom(Gm, T )
respectively, which are free Z-modules of rank equal to dim T . There is a perfect paring 〈, 〉
between X(T ) and Y (T ) characterized by
λ(ρ(a)) = a〈λ,ρ〉
for all λ ∈ X(T ), ρ ∈ Y (T ) and a ∈ F . Let Φ be the set of nontrivial characters of T in
the adjoint representation of G, called the set of roots of G. The roots contained in Lie(B)
are positive roots Φ+ which contains a set of simple roots ∆ as a Z-basis of X(T ). Let
Φˇ = {αˇ, α ∈ Φ} ⊂ Y (T ) be the set of coroots of G characterized by the following properties:
(1) 〈α, αˇ〉 = 2.
(2) sα(x) := x− 〈x, αˇ〉α defines an involution on Φ.
Furthermore, for αˇ ∈ Φˇ, sαˇ(x) = x−〈α, x〉αˇ also defines an involution on Φˇ. The quadruple
(X(T ),Φ, Y (T ), Φˇ) is called the root datum of G. There is a connected simple split algebraic
group, unique up to isomorphism, with the dual root datum (Y (T ), Φˇ, X(T ),Φ), called the
dual group of G.
We are interested in two dual groups of G: the dual group Gˆ(F ) over the same based
field F and the complex dual group Gˆ(C). There is a geometric object associated to Gˆ(F )
known as the Bruhat-Tits building on which G(F ) acts as automorphisms [Tit79]. On the
other hand, the complex dual group Gˆ(C) parametrizes part of the irreducible complex
representations of G. We investigate the interplay between these two objects.
2.2. The apartment associated to T . Consider V = Y (T )⊗ R endowed with a positive
definite bilinear form (, ) preserved by the actions of {sαˇ, αˇ ∈ Φˇ}. In this case, for α ∈ Φ
and β ∈ Φˇ, we have
〈α, β〉 = 2
(αˇ, β)
(β, β)
.
The group generated by {sαˇ, αˇ ∈ Φˇ} is the Weyl group W of G, whose elements are linear
isometries on V .
By abuse of notation, we identify v ∈ V as the translation on V mapping x to x+v. Then
the extended affine Weyl group is a subgroup of isometries on V generated by the translation
subgroup Y (T ) and the Weyl group W , expressed as a semi-direct product
Wext = Y (T )⋊W.
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Except for Y (T ), there are two important lattices in V : the coroot lattice Λr spanned by
coroots, and the coweight lattice Λ given by
Λ = {λ ∈ V, 〈α, λ〉 ∈ Z, ∀α ∈ Φ}.
In general,
Λ ⊇ Y (T ) ⊇ Λr.
Further, Λ = Y (T ) when G is of adjoint type, and Y (T ) = Λr when G is simply connected.
The affine Weyl group is a subgroup of Wext generated by the coroot lattice and the Weyl
group, given by
Waff = Λr ⋊W.
A reflection in Waff is of the form (kαˇ, sαˇ) for some k ∈ Z and αˇ ∈ Φˇ; it fixes the hyperplane
Hαˇ,k = {v ∈ V, 〈α, v〉 = k}
called a wall. The apartment associated to T , denoted by A, is a simplicial complex with V
as its underlying space. The simplices of highest dimension, called chambers, are the closure
of the connected components of V with the walls removed. Lower dimensional simplices are
intersections of chambers. The vertices of A in the coweight lattice Λ are called hyper-special
vertices, whose stabilizers in automorphisms of A are isomorphic to W .
Note that when G is of adjoint type, Y (T ) = Λ and the extended affine Weyl group Wext
acts transitively on hyper-special vertices. Moreover, one can assign (dim(V ) + 1) types to
the vertices such that the vertices of each chamber have distinct types. Then Waff preserves
types and it acts transitively on hyper-special vertices of a fixed type.
Let T0 be the maximal compact subgroup of T . There is a Z-module isomorphism between
T/T0 and Y (T ) such that the T0-coset represented by t = (t1, · · · , tn) is mapped to ρt ∈ Y (T )
given by
ρt(x) = (x
ordF (t1), · · · , xordF (tn)).
In this case, we can identify the extended affine Weyl group as
Wext ∼= N(T )/T0 ∼= T/T0 ⋊N(T )/T
where N(T ) is the normalizer of T in G.
2.3. Apartment as weight space. Let Gˆ(C) be the complex dual group of G with the
maximal torus Tˆ (C) such that X(Tˆ ) is identified with Y (T ) and its roots and positive roots
are Φˆ and Φˆ+. In this case, we can regard the space V = Y (T )⊗Z R as the weight space of
Gˆ(C).
Recall that for the set of simple roots Φ+, there is a set of weights {fα, α ∈ Φ
+} in X(Tˆ )
characterized by
〈β, fα〉 = δα,β for all α, β ∈ Φ
+
called the set of fundamental weights of Gˆ(C).
A complex representation π of Gˆ(C) is called minuscule (resp. quasi-minuscule) if its
weights (resp. nontrivial weights) form a singleW -orbit of some fundamental weight. Denote
by wt(π) the set of weights of π, and by wt′(π) the subset of nontrivial weights in wt(π).
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2.4. Langlands L-functions. By the work of Casselman [Cas80], every irreducible unrami-
fied representation ρ of G occurs in some unramified principal series representation Iχ, where
χ is a character of T trivial on T0. Such χ is uniquely determined up to the action of the
Weyl group W . On the other hand, we have a canonical W-equivariant isomorphism among
the groups
Hom(T/T0,C
×) ∼= Hom(Y (T ),C×) ∼= Hom(X(Tˆ ),C×) ∼= Tˆ (C).
Thus, there is a W -orbit in the complex torus Tˆ (C) corresponding to the unramified char-
acter χ, called the Satake parameter of ρ, denoted by sρ [Sat63]. Fix a finite-dimensional
representation π of Gˆ(C). Then the local Langlands L-function attached to (ρ, π) is given
as
L(ρ, π, u) = det(1− π(sρ)u)
−1,
which is independent of the choice of sρ. Moreover, let wt(π) be the set of weights of π and
regard χ as a character on X(Tˆ ), then
L(ρ, π, u) =
∏
λ∈wt(π)
(1− χ(λ)u)−1.
2.5. L-functions for extended affine Weyl groups. Before defining the L-functions for
extended affine Weyl groups, we recall representations of such groups. As the Weyl groupW
is the maximal finite (and hence compact) subgroup of Wext, an irreducible representation
of Wext is called unramified if it has a non-zero W -fixed vector. For a finite-dimensional
irreducible representation τ of Wext, let χ be a character of Y (T ) ∼= T/T0 occurring in the
restriction representation ResWextY (T )τ of Y (T ). By Frobenius reciprocity,
HomWext(τ, Ind
Wext
Y (T ) χ) = HomY (T )(Res
Wext
Y (T )τ, χ) 6= {0}.
Note that the W -fixed subspace of IndWextY (T ) χ is one-dimensional. Therefore, an unramified
representation τ of Wext is isomorphic to the unique unramified sub-representation of some
IndWextY (T ) χ. By the classification in [Ser77] of irreducible representations of semidirect products
by an abelian group, such χ is unique up to the action ofW . The L-function for an unramified
representation τ of Wext associated to the representation π of Gˆ(C) is defined as
Lext(τ, π, u) =
∏
λ∈wt(π)
(1− χ(λ)u)−1,
which coincides with the L-function of the unique irreducible unramified representation ρ of
G occurring in the principal series Iχ.
3. Zeta functions of geodesic walks and L-functions
From now on, assume that G is of adjoint type so that the coweight lattice Λ is equal
to the co-character group Y (T ) ∼= Wext/W . Fix a torsion-free subgroup Γ of Waff such
that Γ preserves types of vertices. Then AΓ = Γ\A is a finite complex with the universal
cover A and the fundamental group Γ. Denote by Γ\Λ the set of hyper-special vertices on
AΓ. We shall fix a set of representatives of Γ\Λ in Λ and still denote it by Γ\Λ. Let π
be an irreducible representation of Gˆ(C) whose nontrivial weights form the W -orbit of a
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fundamental weight. In other words, π is either a minuscule representation or a fundamental
quasi-minuscule representation. For example,
• For Gˆ(C) = SLn(C), π is an exterior power of the standard representation.
• For Gˆ(C) = Spin2n+1(C), π is the spin representation of dimension 2
n or the standard
representation of dimension 2n+ 1.
We shall identify the weights in wt(π) of π as a subset of Λ.
3.1. Rational geodesics in an apartment. A geodesic L in A ∼= Rn is a straight line
with a fixed orientation, called its direction. Given a subset S of Λ, a line L is called an
S-geodesic if it has the same direction as some element in S. When S is the set of nontrivial
weights of π, we also call L a π-geodesic. Furthermore, L is called a rational geodesic if it is
contained in the 1-skeleton of A.
3.2. Rational geodesics in a finite quotient. Let Cπ be the collection of closed walks
contained in the 1-skeleton of AΓ which lift to a part of a π-geodesic in A. Here a closed
walk has a starting point. Two closed walks c and c′ in AΓ are called equivalent if one can
be obtained from the other by switching the starting vertex. A closed walk c in Cπ is called
a geodesic walk if all walks equivalent to c are in Cπ. Thus whether an element c in Cπ is a
geodesic walk depends on how it closes on itself. More precisely, a lift of c in A is the line
segment from v to g(v) for some g ∈ Γ. Then the line segment from g(v) to g2(v) is also
a lift of c, and c is a geodesic walk if and only if the direction from v to g(v) agrees with
that from g(v) to g2(v). In other words, c is a geodesic walk if there is no corner at g(v),
or equivalently, c repeated twice also lies in Cπ. The following picture depicts a lifting of
a closed walk that is not a geodesic walk, in which the element g ∈ Γ is a glide reflection
explained in §4.1.
v
g(v)
g2(v)
Recall that all nontrivial weights in wt(π) have the same length ℓ(π). Thus the length of
a closed walk c in Cπ is an integral multiple of ℓ(π). This integral multiple is called the
normalized length of c, denoted by l(c). Denote by Nn (resp. N˜n) the number of closed
walks (resp. closed geodesic walks) in Cπ of normalized length n. A closed walk is called
primitive if it is not a repetition of a shorter closed walk.
3.3. Zeta functions of geodesic walks. The zeta function of π-geodesic walks on AΓ is
defined as
Z(AΓ, π, u) =
∏
c
(1− ul(c))−1,
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where c runs through all equivalence classes of primitive rational closed π-geodesics in AΓ,
As such, the zeta function of geodesic walks may be regarded as an analogue of the Selberg
zeta function.
It should be pointed out that unlike the case of the full building where the similarly defined
zeta function is an infinite product converging to a rational function, the above zeta function
on an apartment is a finite product and the reciprocal of the zeta function is a polynomial.
A straight forward computation similar to the case of graphs gives the following theorem.
Theorem 3.1. For |u| ≪ 1, the following identity holds
Z(AΓ, π, u) = exp
(
∞∑
n=1
N˜n
n
un
)
.
3.4. L-functions of type π. Denote by Irrunr(Γ\Wext) the set of irreducible unramified
representations of Wext in L
2(Γ\Wext) (counting the multiplicities). Define the L-function of
type π associated to Γ\Wext as
L(Γ\Wext, π, u) :=
∏
ρ∈Irrunr(Γ\Wext)
Lext(ρ, π, u) =
∏
ρ∈Irrunr(Γ\Wext)
∏
λ∈wt(π)
(1− χρ(λ)u)
−1.
Like zeta functions of geodesic walks, the L-function L(Γ\Wext, π, u) also can be expressed
in terms of closed walks as follows.
Theorem 3.2. When |u| < 1, the following identity holds:
L(Γ\Wext, π, u) = (1− u)
−ǫ(π)N exp
(
∞∑
n=1
Nn
n
un
)
.
Here ǫ(π) = |wt(π) r wt′(π)| is the multiplicity of the trivial weight in wt(π) and N is the
cardinality of Γ\Wext/W .
Proof. Recall that
Nn = the number of rational closed walks in AΓ of normalized length n which lift to
a part of a λ-geodesic in A for some λ ∈ wt′(π)
=
∑
λ∈wt′(π)
∑
γ∈Γ
#{x ∈ Γ\Λ : γ(x) = x+ nλ}.
Fix a weight λ˜ in wt′(π). Consider the action of the Hecke operator Bn = Wλ˜
nW =
∪λ∈wt′(π)λ
nW on L2(Wext/W ) = L
2(Λ) which sends f(x) ∈ L2(Λ) to
Bnf(x) =
∑
λ∈wt′(π)
f(x+ nλ).
Let ρ be an unramified irreducible representation of Wext. By definition it occurs in the
induced representation IndWextΛ χρ for some character χρ of Λ. Then Bn sends a W -fixed
vector v of ρ to
Bn(v) =
∑
λ∈wt′(π)
χρ(nλ)v.
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Since the space of W -invariant vectors for ρ is 1-dimensional, this shows that Irrunr(Γ\Wext)
and Γ\Wext/W have the same cardinality N and the trace of Bn on L
2(Γ\Wext/W ) =
L2(Γ\Λ) is
tr(Bn) =
∑
ρ∈Irrunr(Γ\Wext)
∑
λ∈wt′(π)
χρ(λ)
n.
On the other hand, by choosing the characteristic functions on the Γ-orbits of Λ as a basis
of L2(Γ\Λ), we can interpret the trace of Bn as
tr(Bn) =
∑
x∈Γ\Λ
#{λ ∈ wt′(π) : Γ(x) = Γ(x+ nλ)}.
Note that if x ∈ Λ is such that γ1(x) = γ2(x) for some γ1, γ2 ∈ Γ, then we have γ
−1
1 γ2 ∈
Stab(x) ∩ Γ = {id} since Γ is torsion-free. Therefore, when Γ(x) = Γ(x+ nλ), there exists a
unique γ ∈ Γ such that γ(x) = x+ nλ. Hence we conclude
tr(Bn) =
∑
x∈Γ\Λ
#{(λ, γ) ∈ wt′(π)× Γ : γ(x) = x+ nλ} = Nn.
Consequently, by letting ǫ(π) = |wt(π)r wt′(π)|, we have
∞∑
n=1
Nn
un
n
=
∞∑
n=1
∑
ρ∈Irrunr(Γ\Wext)
∑
λ∈wt′(π)
χρ(λ)
nu
n
n
=
∑
ρ∈Irrunr(Γ\Wext)
∑
λ∈wt′(π)
log(1− χρ(λ)u)
−1
= log
 ∏
ρ∈Irrunr(Γ\Wext)
∏
λ∈wt′(π)
(1− χρ(λ)u)
−1
= log(1− u)Nǫ(π)+ log
 ∏
ρ∈Irrunr(Γ\Wext)
∏
λ∈wt(π)
(1− χρ(λ)u)
−1
= log(1− u)Nǫ(π)+ logL(Γ\Wext, π, u),
which completes the proof. 
3.5. Zeta and L-functions for simplicial tori. Suppose Γ is a subgroup of Λr and [Λ :
Γ] = N , then AΓ is a simplicial torus with N vertices. Let Λ̂/Γ be the set of characters of
Λ trivial on Γ. Then
L2(Γ\Wext) =
⊕
χ∈Λ̂/Γ
IndWextΛ χ.
Therefore,
L(Γ\Wext, π, u) =
∏
χ∈Λ̂/Γ
∏
λ∈wt(π)
(1− χ(λ)u)−1 =
∏
λ∈wt(π)
 ∏
χ∈Λ̂/Γ
(1− χ(λ)u)−1
 .
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Let ρreg be the regular representation of Λ/Γ, then∏
χ∈Λ̂/Γ
(1− χ(λ)u) = det(1− ρreg(λ)u)
and
(1− u)ǫ(π)NL(Γ\Wext, π, u) =
∏
λ∈wt′(π)
det(1− ρreg(λ)u)
−1
=
∏
λ∈wt′(π)
(1− udeg(λ))−N/deg(λ).
Here deg(λ) is the order of λ in the quotient group Λ/Γ. On the other hand, since every
closed walk is closed by a translation, every element in Cπ has no corner at the starting
vertex. Therefore,
Nn = N˜n for all n.
Together with Theorems 3.1 and 3.2, we summarize the above results as
Theorem 3.3. Suppose Γ is a finite index subgroup of Λr with N = [Λ : Γ] and π is a
minuscule or fundamental quasi-minuscule representation of Gˆ(C). Then
Z(AΓ, π, u) = (1− u)
ǫ(π)NL(Γ\Wext, π, u) =
∏
λ∈wt′(π)
(1− udeg(λ))−N/deg(λ).
Here ǫ(π) is the multiplicity of the trivial weight in wt(π).
When G = PGLn(F ) and π is the standard representation of SLn(C), the above result
agrees with Theorem 5.2 in [DK16].
4. Zeta functions of geodesic walks and L-functions for Klein bottles
Next assume Γ is not contained in Λr. Then the situation is more complicated. We shall
assume that the apartment of G is two-dimensional. In this case, AΓ is a Klein bottle.
Recall that there are three types of two-dimensional apartments: A˜2, B˜2 = C˜2, or G˜2. In the
remaining discussion, we only consider A˜2 and C˜2 cases.
For type A˜2, we shall be concerned with two minuscule representations π1 and π2 of Gˆ(C)
with weights as follows:
α
β
the weights of π1 the weights of π2
Note that wt(π1) and wt(π2) are opposite. Further a weight α ∈ wt(π1) together with a
weight β ∈ wt(π2) not equal to −α form a basis of Λ.
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For type C˜2, we shall consider the spin representation πspin of Gˆ(C) and the standard
representation πst of Gˆ(C). Their weights are shown below. Note that πspin is minuscule
while πst is quasi-minuscule.
α
β
the weights of πspin the weights of πst
In this case a weight α ∈ wt(πspin) together with a nontrivial weight β ∈ wt
′(πst) form a
basis of Λ.
4.1. The group structure of Γ. In this case, Γ is generated by a translation t and a glide
reflection σ, which is a composition of a linear reflection and a translation, and σ does not
commute with t [NS87]. Moreover, t and σ2 generate the index-2 translation subgroup Γ0 of
Γ.
Proposition 4.1. σ−1tσ = σ4kt−1 for some integer k.
Proof. Since σ−1tσ is a translation in Γ0, it is of the form σ
2mtn. As σ−1tσ and σ2 generate
σ−1Γ0σ = Γ0, we have n = 1 or −1. If n = 1, then
t = σ−2tσ2 = σ−1(σ2mt)σ = σ4mt.
This implies m = 0 and hence σ commutes with t, a contradiction. Therefore n = −1.
Finally, if m is odd, then one can check directly that tσ−m is an element of order two, which
is a contradiction. This proves that m is even, as asserted. 
Replace the generator t by tσ−2k such that the relation becomes tσ = σt−1. In this case,
the direction of the translation t is perpendicular to the reflection axis of σ. We summarize
the above discussion in the following theorem.
Theorem 4.2. If AΓ is a Klein bottle, then Γ ∼= 〈σ, t|tσ = σt
−1〉. Consequently, a funda-
mental domain of AΓ can be chosen to be a rectangle.
From now on, we shall fix a choice of t and σ in Γ satisfying the above theorem.
Next, we study the conjugacy class [γ] of γ ∈ Γ. If γ is not a translation, then it is a
glide reflection and it can be expressed as tnσm for some odd m. Observe that if n is even,
then tnσm is conjugate to σm; if n is odd, then tnσm is conjugate to tσm = (tσ)m. This is
summarized in
Proposition 4.3. The conjugacy classes of glide reflections in Γ are [σm] and [(tσ)m] with
m ∈ 2Z+ 1.
The glide reflection σ can be written as σ(x) = σ0(x)+aα+bβ, where σ0(x) = −x+2
(x,α)
(α,α)
α
is a linear reflection with α a nontrivial weight of π1 or π2 for type A˜2 case, and of πspin or
πst for C˜2 case, and β is chosen from the nontrivial weights of the other representation such
that (α, β) is maximal. Thus α and β form a set of fundamental weights. Note that all glide
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reflections in Γ have the same linear part, namely the reflection σ0. Thus α is unique up to
sign. Note also that a, b are integers such that aα + bβ ∈ Λr and σ
2(x) = x+ kα, where
k = 2a+ 2
(α, β)
(α, α)
b = 2a+ nΓb(4.1)
with
nΓ =
2(α, β)
(α, α)
(4.2)
depending only on the group Γ. Replacing α by −α and β by −β if necessary, we may
assume k > 0. The positive integer k is independent of the choice of σ and t and depends
only on Γ. Hence we denote it by kΓ. With the choice of t and σ fixed, the positivity of k
determines α, which is a weight of a unique π. We say that Γ is of type π. In this case, nΓ
is independent of α ∈ wt′(π) and it will also be denoted by nπ.
A fundamental domain for 〈σ2〉\A is the strip
Aσ2 = {xα + yβ : x ∈ [0, kΓ), y ∈ R},
and a fundamental domain for 〈σ〉\A within Aσ2 is given by
Aσ := {xα + yβ : x ∈ [0, kΓ), y <
b
2
}
⋃
{xα +
b
2
β : x ∈ [0,
kΓ
2
)}.
For our choice of G, the possible scenarios are as follows:
(a) G is of type A˜2 with α ∈ wt(π1) ∪ wt(π2). Then nΓ = nπ1 = nπ2 = 1 and Λr =
{s1α + s2β : s1 ≡ s2 mod 3}.
(b) G is of type C˜2 with α ∈ wt
′(πst) (and hence β ∈ wt(πspin)). Then nΓ = nπst = 1 and
Λr = Zα ⊕ 2Zβ.
(c) G is of type C˜2 with α ∈ wt(πspin) (and hence β ∈ wt
′(πst)). Then nΓ = nπspin = 2
and Λr = 2Zα⊕ Zβ.
Let L0 be the glide reflection axis of σ consisting of all points x satisfying σ(x) = x+
kΓ
2
α.
Then L0 =
b
2
β + Rα. Note that b is odd if and only if L0 is irrational. In this case, we also
call σ irrational.
Proposition 4.4. The following statements are equivalent:
(1) σ is irrational;
(2) tσ is irrational;
(3) kΓ
nΓ
is an odd integer.
Furthermore, when G is of type C˜2 and nΓ = 1, then σ and tσ are always rational.
Proof. Suppose nΓ = 1. Then kΓ = 2a + nΓb ≡ nΓb mod 2nΓ. Thus σ is irrational if and
only if kΓ
nΓ
is odd. In case that G is of type C˜2, b is always even and hence σ is rational.
Suppose nΓ = 2. Since σ ∈ Λr ⋊W , a is even and kΓ = 2a + nΓb ≡ nΓb mod 2nΓ. Thus
σ is irrational if and only if kΓ
nΓ
is odd, that is, (1) and (3) are equivalent.
Since σ2 = (tσ)2, the above argument also holds for tσ by (3). 
For v = cα + dβ ∈ Λr with d 6= 0 and γ ∈ Γ, let
Λ(γ, v) = {x ∈ Λ : γ(x) = x+ v}.
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We proceed to count the cardinality of Λ(γ, v), which will be used in the comparison of
Langlands L-functions and the zeta function of geodesic walks in the next subsection.
Proposition 4.5. For an odd integer m and v = cα + dβ ∈ Λr, the set Aσ ∩ Λ(σ
m, v) is
non-empty if and only if d > 0 and (v, α) = kΓm
2
(α, α), in which case it has cardinality kΓ.
Moreover Aσ ∩ Λ(σ
m, v) and Atσ ∩ Λ((tσ)
m, v) have the same cardinality.
Proof. Suppose there is an element x ∈ Aσ ∩ Λ(σ
m, v). Recall that L0 =
b
2
β + Rα and σ
(and σm for odd m) maps sβ + Rα to (b − s)β + Rα. Comparing the coefficients of β in
σm(x) = x+ v, we get d > 0 because x ∈ Aσ. On the other hand, from
x+mkΓα = σ
2m(x) = σm(x+ v) = σm(x) + σ0(v)
= x+ v + σ0(v) = x+
2(v, α)
(α, α)
α
we conclude that (v, α) = kΓm
2
(α, α).
Conversely, suppose d > 0 and (v, α) = kΓm
2
(α, α). Observe that
2c+ dnΓ =
2(v, α)
(α, α)
= kΓm = m(2a+ bnΓ).
Observe that b ≡ d mod 2 if nΓ = 1. If nΓ = 2, then c and a are both even. Therefore
dnΓ ≡ 2c+ dnΓ = m(2a+ bnΓ) ≡ mbnΓ ≡ bnΓ mod 2nΓ.
We conclude that d ≡ b mod 2 in both cases and L = (b−d)
2
β +Rα is rational. To finish the
proof of the first assertion, we claim that Λ(σm, v) = L ∩ Λ. If so, then
Aσ ∩ Λ(σ
m, v) = Aσ ∩ L ∩ Λ = {nα +
b− d
2
β : n = 0, . . . , kΓ − 1}
has cardinality kΓ. To prove the claim, note first that for x ∈ Λ(σ
m, v), σm(x) = x + v =
x + cα + dβ. Thus x ∈ b−d
2
β + Rα = L. Conversely, for x ∈ L, σm(x) − x − v ∈ Rα. Note
that for all y ∈ A,
(σ(y)− y, α) =
kΓ
2
(α, α) and (σm(y)− y, α) =
mkΓ
2
(α, α) = (v, α).
Thus, for y = x, σm(x)− x = v. Therefore the claim holds.
Since (tσ)2(x) = σ2(x) = x+ kΓα, the same result also holds if we replace σ by tσ. 
4.2. Nn and N˜n revisited. For γ ∈ Γ, denote by CΓ(γ) the centralizer of γ in Γ and let
[Γ] be a set of representatives of the conjugacy classes of Γ. Then Γ = ∪γ∈[Γ][γ], where
[γ] = {g−1γg : g ∈ CΓ(γ)\Γ} is the conjugacy class of γ.
We begin by expressing Nn in terms of the conjugacy classes of Γ. Recall that
Nn =
∑
λ∈wt′(π)
∑
γ∈Γ
#{x ∈ Γ\Λ : γ(x) = x+ nλ}
= #{(γ, x) ∈ Γ× (Γ\Λ) : γ(x)− x ∈ n · wt′(π)}
=
∑
γ∈[Γ]
#{(g−1γg, x) ∈ [γ]× (Γ\Λ) : g−1γg(x)− x ∈ n · wt′(π)}.
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Write g0 for the linear part of g ∈ Γ, which is an element of the Weyl group. Observe that
g−1γg(x) = x+ nλ ⇔ γg(x) = g(x+ nλ) = g(x) + ng0(λ) = g(x) + nλ
′.
Here λ′ = g0(λ) lies in wt
′(π) if and only if λ does. Since Γ acts freely on Λ, for each γ ∈ [Γ],
the map (g−1γg, x) 7→ (γ, gx) from [γ]× (Γ\Λ) to {γ}× (CΓ(γ)\Λ) is a bijection. Therefore,
we can re-express Nn as
Nn =
∑
γ∈[Γ]
#{(γ, x) : x ∈ CΓ(γ)\Λ, γ(x)− x ∈ n · wt
′(π)}
=
∑
λ∈wt′(π)
∑
γ∈[Γ]
#{x ∈ CΓ(γ)\Λ : γ(x) = x+ nλ}.
Next, we proceed to express N˜n in a similar way. Recall that N˜n is the number of closed
geodesic walks in Cπ of normalized length n, and a closed walk in Cπ is a closed geodesic
walk if and only if its twice repetition also lies in Cπ. Therefore
N˜n =
∑
λ∈wt′(π)
∑
γ∈[Γ]
#{x ∈ CΓ(γ)\Λ : γ(x) = x+ nλ, γ
2(x) = x+ 2nλ}.
Note that for γ a translation or γ a glide reflection with reflection axis parallel to λ,
the condition γ(x) = x + nλ always implies γ2(x) = x + 2nλ. On the other hand, for γ
a glide reflection with reflection axis not parallel to λ, the relation γ(x) = x + nλ implies
γ2(x) 6= x+ 2nλ.
Combined with the fact that CΓ(σ
m) = 〈σ〉 and CΓ((tσ)
m) = 〈tσ〉 for all odd integers m,
we conclude
Nn − N˜n =
∑
λ∈wt′(π),λ6=±α
∑
m odd
∑
γ=σ, tσ
#{x ∈ 〈γ〉\Λ : γm(x) = x+ nλ}
=
∑
λ∈wt′(π),λ6=±α
∑
m odd
∑
γ=σ, tσ
|Aγ ∩ Λ(γ
m, nλ)|
=
∑
λ∈wt′(π),λ6=±α
∑
m odd
2|Aσ ∩ Λ(σ
m, nλ)|
by the second assertion of Proposition 4.5.
It follows from the first assertion of Proposition 4.5 that, for v = nλ with |Aσ∩Λ(σ
m, nλ)| 6=
0, we have n(λ, α) = (v, α) = mkΓ
2
(α, α) which implies (λ, α) 6= 0. On the other hand, for
λ 6= ±α and (λ, α) 6= 0, a case-by-case analysis shows that (α,α)
2(λ,α)
= ±1/nΓ. Therefore, when
|Aσ ∩ Λ(σ
m, nλ)| 6= 0, we have n = mkΓ/nΓ and m is positive and odd.
Recall from Proposition 4.5 that |Aσ ∩ Λ(σ
m, nλ)| = kΓ if it is nonzero, and this happens
when λ = cα+ dβ satisfies the additional condition d > 0. Let wt+Γ (π) consist of λ ∈ wt
′(π)
satisfying (λ, α) 6= 0 and λ = cα + dβ with d > 0. Therefore
|Aσ ∩ Λ(σ
m, nλ)| =
{
kΓ if λ ∈ wt
+
Γ (π) and n = mkΓ/nΓ,
0 otherwise.
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Then we have
∞∑
n=1
(Nn − N˜n)
un
n
=
∑
λ∈wt+
Γ
(π)
∑
m>0 odd
2kΓ
(mkΓ/nΓ)
umkΓ/nΓ
=
∑
λ∈wt+
Γ
(π)
∞∑
r=0
2nΓ
(2r + 1)
u(2r+1)kΓ/nΓ
= |wt+Γ (π)|nΓ log
1 + ukΓ/nΓ
1− ukΓ/nΓ
.
When G is of type A˜2, π = π1 or π2, nΓ = 1, and |wt
+
Γ (π)| = 1. When G is of type C˜2,
π = πspin or πst. Then |wt
+
Γ (π)| = 0 if Γ is of type π, and |wt
+
Γ (π)| = 2 otherwise.
For convenience, let
δ(π,Γ) =

1 if G is of type A˜2,
2 if Γ is not of type π and G is of type C˜2,
0 if Γ is of type π and G is of type C˜2.
The above discussion proves the following relation between the Langlands L-functions and
the zeta function of geodesic walks of the Klein bottle AΓ.
Theorem 4.6. Suppose AΓ is a Klein bottle, π ∈ {π1, π2} if G is of type A˜2, and π ∈
{πspin, πst} if G is of type C˜2. Then
(1− u)ǫ(π)NL(Γ\Wext, π, u) = Z(AΓ, π, u)
(
1 + ukΓ/nΓ
1− ukΓ/nΓ
)nΓδ(π,Γ)
.
Here ǫ(π) is the multiplicity of the trivial weight of π and N is the cardinality of Γ\Wext/W .
4.3. Comparing zeta functions of geodesic walks of Klein bottles and those of
their two-fold coverings. As discussed in §4.1, the translations in Γ form a subgroup Γ0
of index 2. Let L0 and L1 be the glide reflection axis of σ and tσ, respectively. Observe
that if t is translation by a vector v ∈ Λr, then L1 is L0 shifted by
1
2
v. These are the only
two distinct glide reflection axes modulo the actions of Γ0 on A. The finite quotient AΓ0
is a two-fold unramified cover of AΓ. Given a primitive closed geodesic P (not necessary
rational) in AΓ, then there is either one primitive closed geodesic with twice the length of P
or two disjoint primitive closed geodesics of the same length in AΓ0 which project to P. We
say that P is inert or split in AΓ0 accordingly. Observe that P is inert in AΓ0 if and only if
any lifting of P in A is contained in L0 or L1 modulo Γ0 and the end point differs from the
starting point by a glide reflection in Γ. Furthermore all inert primitive closed geodesics in
AΓ are rational if and only if L0 and L1 are rational.
Express the zeta function of π-geodesic walks on AΓ as
Z(AΓ, π, u) =
∏
P split
(1− ul(P))−1
∏
P inert
(1− ul(P))−1,
where P runs over rational primitive closed π-geodesics in AΓ. Note that the second product
is nontrivial only when the direction of L0 is parallel to a weight in π, in other words, either
α or −α ∈ wt′(π). For an inert P, its length l(P) is equal to kΓ/2, half of the length of the
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primitive closed geodesic in AΓ0 projected to P. In particular, kΓ is always even if an inert
rational P exists.
We may express the zeta function of π-geodesic walks on AΓ0 as a product over the rational
primitive closed π-geodesics P in AΓ:
Z(AΓ0, π, u) =
( ∏
P split
(1− ul(P))−1
)2 ∏
P inert
(1− u2l(P))−1
= Z(AΓ, π, u)
2
∏
P inert
(
1− ukΓ/2
1 + ukΓ/2
)
.
Note that the cardinality of {±α} ∩ wt′(π) is just 2 − δ(π,Γ). Let mΓ denote the number
of L1 and L0 which are rational. Thus mΓ = 2 or 0 because, by Proposition 4.4, L1 and L0
have the same rationality. Then we can rewrite the above result as
(4.3) Z(AΓ, π, u) = Z(AΓ0, π, u)
1/2
(
1 + ukΓ/2
1− ukΓ/2
)mΓ(2−δ(π,Γ))/2
.
Here the square root is chosen so that Z(AΓ, π, 0) = 1.
Next, for a non-trivial weight λ ∈ wt(π), a λ-geodesic is called semi-rational if it is not
rational but it becomes rational after translation by some v ∈ 1
2
Λ. Note that L1 and L0 are
either rational or semi-rational. Consider the zeta function of λ-geodesic walks defined by
Z(AΓ, λ, u) =
∏
P
(1− ul(P))−1,
where P runs through all primitive closed rational λ-geodesics in AΓ. Similarly, we define the
zeta function Zsemi(AΓ, λ, u) by taking product over semi-rational λ-geodesics in the above
definition.
It is clear that on the torus AΓ0 , translation by a v ∈
1
2
Λr Λ induces a bijection between
rational λ-geodesics and semi-rational λ-geodesics. Thus,
Z(AΓ0, λ, u) = Zsemi(AΓ0 , λ, u).
For the Klein bottle AΓ, when λ 6= ±α, there are no inert geodesics in the direction of λ.
In this case we have
Z(AΓ, λ, u) = Z(AΓ0, λ, u)
1/2 = Zsemi(AΓ0, λ, u)
1/2 = Zsemi(AΓ, λ, u).
When λ = ±α, the same argument as (4.3) implies that
Z(AΓ, λ, u) = Z(AΓ0, λ, u)
1/2
(
1 + ukΓ/2
1− ukΓ/2
)mΓ/2
.
Note that the number of L1 and L0 being semi-rational is equal to 2−mΓ. Thus
Zsemi(AΓ, λ, u) = Zsemi(AΓ0, λ, u)
1/2
(
1 + ukΓ/2
1− ukΓ/2
)(2−mΓ)/2
.
We summarize the above discussion in the following theorem.
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Theorem 4.7. Under the above notation, we have
Zsemi(AΓ0, π, u) = Z(AΓ0, π, u)
and
Zsemi(AΓ, π, u) = Z(AΓ, π, u)
(
1 + ukΓ/2
1− ukΓ/2
)(2−δ(π,Γ))(1−mΓ)
.
Note that Z(AΓ, π, u) is always a rational function in u by definition and the above theorem
implies that Zsemi(AΓ, π, u) is a rational function in u
1/2.
5. Zeta functions of geodesic galleries
A semi-rational geodesic is the middle line of the strip bounded by two closest rational
geodesics parallel to it. We shall also consider a zeta function counting these strips.
5.1. π-geodesic galleries. Fix a minuscule or quasi-minuscule representation π of Gˆ(C) as
before. Let λ be a nontrivial weight of π and v be an element of Λ. A π-chamber Cλ,v is the
union of chambers in A containing (v, λ+ v). The directed edge from v to λ+ v is called the
central edge of Cλ,v. As we shall see, when G =PGSp4, the same union of chambers forms
more than one π-chamber, with different central edges.
A sequence (· · · , C−1, C0, · · · ) of π-chambers is called a π-geodesic gallery if the following
two conditions hold:
(1) For all i < j, the convex hull of Ci and Cj is the union Ci ∪ Ci+1 ∪ · · · ∪ Cj;
(2) For i not equal to the highest index, the terminal vertex of the central directed edge
of Ci is equal to the initial vertex of the central directed edge of Ci+1.
We explain these π-geodesic galleries in more detail.
(I) For G =PGL3, let π = π1 with wt(π1) and a π1-chamber as shown below:
α1
α2
α3
Cα1,0
the weights of π1 a π1-chamber Cα1,0
Then there are two π1-geodesic galleries in A containing Cα1,0:
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Cα1,0
Cα2,α1
Cα1,−α1−α2
Cα2,−α2
Cα1,α1+α2
Cα2,2α1+α2
Cα1,0
Cα1,α1+α3
Cα1,−α−α3
Cα3,−α3
Cα3,α1
Cα3,−α−2α3
(· · · , Cα2,−α2, Cα1,0, Cα2,α1 , · · · ) (· · · , Cα3,−α3, Cα1,0, Cα3,α1 , · · · )
Recall that π2 has weights −α1,−α2, and −α3. Notice that the middle line of a π1-geodesic
gallery parallel to its sides is a semi-rational π2-geodesic, and similarly the middle line of a
π2-geodesic gallery is a semi-rational π1-geodesic.
(II) For G =PGSp4, the weights of πspin and πst are as follows.
α
β
β ′
the weights of πspin the weights of πst
An example of a πspin-chamber is Cα,0 shown below. There are two πspin-geodesic galleries
containing Cα,0, determined by the πspin-chamber following it. One is as shown below with
the central edges of the chambers adjacent to Cα,0 pointing upward, the other one has the
immediate adjacent central edges pointing downward. Consequently the middle lines of the
two πspin-geodesic galleries containing Cα,0 are perpendicular to each other.
α α
the πspin-chamber Cα,0 a πspin-geodesic gallery
Note that both C−α,α and Cα,0 are the union of the same chambers but their central directed
edges are opposite.
Shown below are an example of a πst-chamber Cβ,0 and a πst-geodesic gallery containing it.
Similar to the previous case, there is another πst-geodesic gallery containing Cβ,0 so that the
middle lines of the two galleries are perpendicular to each other. Different from the previous
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case, on the union of the chambers in Cβ,0 there are four choices of the central directed edges
giving rise to four distinct πst-chambers. Denote by β
′ the weight of πspin perpendicular to
β and pointing downward. Then one of the four πst-chambers C
′ on the same square as
Cβ,0 has the central directed edge a shift of β
′. Observe that the two πst-geodesic galleries
containing C ′ have the middle lines coincide with those containing Cβ,0.
β β
the πst-chamber Cβ,0 a πst-geodesic gallery
Note that the middle line of a πst-geodesic gallery is a semi-rational πspin-geodesic, and the
middle line of a πspin-geodesic gallery is a semi-rational πst-geodesic.
We summarize the above discussion in
Theorem 5.1. Let the set {π, π′} be {π1, π2} for G = PGL3 and {πspin, πst} for G = PGSp4.
Then the middle line of a π-geodesic gallery is a semi-rational π′-geodesic. Conversely, a
semi-rational π′-geodesic is the middle line of a π-geodesic gallery. Furthermore, the map
from the equivalence classes of π-geodesic galleries in A to the semi-rational lines of type π′
in A sending the equivalence class of a π-geodesic gallery to its semi-rational middle line is
a bijection except for π = πst, in which case it is a 2-to-1 surjection.
5.2. Zeta functions of geodesic galleries. Define π-geodesic galleries as well as primitive
and equivalent π-geodesic galleries on AΓ similar to what we did for walks. A closed π-
geodesic gallery C in AΓ is called a geodesic gallery if the closed walks formed by the central
directed edges of the π-chambers in C as well as all geodesic galleries equivalent to it contain
no backtracking. The length l(C) of a closed π-geodesic gallery C in AΓ is defined to be
the number of π-chambers contained in C. The middle line c′ of C is a semi-rational closed
π′-geodesic. Here {π, π′} is as in Theorem 5.1. It has the normalized length (with respect to
the nonzero weight in π′) l(c′). The ratio l(C)/l(c′) is a constant independent of the choice
of C. Indeed, a case by case check shows that l(C)/l(c′) = 2/nπ′.
The zeta function of π-geodesic galleries of AΓ is defined as
Z2(AΓ, π, u) =
∏
C
(1− ul(C))−1,
where C runs through the equivalence classes of all primitive closed π-geodesic galleries in
AΓ.
When AΓ is a Klein bottle, Theorem 4.6 gives the ratio of the Langlands L-function and
the geometric zeta function as
(1− u)ǫ(π)NL(Γ\Wext, π, u)
Z(AΓ, π, u)
=
(
1 + ukΓ/nΓ
1− ukΓ/nΓ
)nΓδ(π,Γ)
.(5.1)
Setting δ(π,Γ) = 0 and interpreting the right hand side of (5.1) to be 1 when AΓ is a torus,
we get that (5.1) also holds for the torus case by Theorem 3.3. Next we compare the zeta
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function of geodesic galleries with the zeta function of geodesic walks. Combining the above
discussions with Theorems 5.1 and 4.7, we obtain the following result. Recall that nπ = 1
for π = π1, π2, πst, and nπ = 2 for π = πspin.
Theorem 5.2. Let {π, π′} be {π1, π2} for G = PGL3 and {πspin, πst} for G = PGSp4. Then
Z2(AΓ, π, u) = Zsemi(AΓ, π
′, u2/npi′ )npi′
= Z(AΓ, π
′, u2/npi′ )npi′
(
1 + ukΓ/npi′
1− ukΓ/npi′
)δ(π,Γ)(1−mΓ)npi′
.
Here we have used the fact that 2− δ(π′,Γ) = δ(π,Γ) in case that AΓ is a Klein bottle.
The main goal of this subsection is to prove the following result relating the Langlands L-
function, the zeta functions of geodesic walks and the zeta functions of geodesic galleries for
AΓ, similar to the known results for the quotients of the building attached to G(F ) obtained
in [KL14,KLW10,FLW13].
Theorem 5.3. Let Γ be a torsion-free subgroup of Wext with N = |Γ\Wext/W |. Let {π, π
′}
be {π1, π2} for G = PGL3 and {πspin, πst} for G = PGSp4. Denote by ǫ(π) the multiplicity
of the trivial weight in wt(π). The following identity holds:
(1− u)ǫ(π)NL(Γ\Wext, π, u) =
Z(AΓ, π, u)Z(AΓ, π
′, u2/npi′ )npi′
Z2(AΓ, π,−u)
.
More precisely, when G is of type A˜2, we have
L(Γ\Wext, π1, u) = L(Γ\Wext, π2, u) =
Z(AΓ, π1, u)Z(AΓ, π2, u
2)
Z2(AΓ, π1,−u)
.(5.2)
When G is of type C˜2, we have
L(Γ\Wext, πspin, u) =
Z(AΓ, πspin, u)Z(AΓ, πst, u
2)
Z2(AΓ, πspin,−u)
(5.3)
and
(1− u)NL(Γ\Wext, πst, u) =
Z(AΓ, πst, u)Z(AΓ, πspin, u)
2
Z2(AΓ, πst,−u)
.(5.4)
Proof. In view of (5.1), it remains to show that the right hand side of (5.1) is equal to the
ratio Z(AΓ, π
′, u2/npi′ )n
′
pi/Z2(AΓ, π,−u). When δ(π,Γ) = 0, G is of type C˜2 and Γ is of type
π. Since Γ preserves the types of vertices and each side of a π-chamber connects vertices of
different types, all closed π-geodesic galleries must have even lengths in order to be closed
by Γ. Therefore, Z2(AΓ, π, u) = Z2(AΓ, π,−u). The desired equality follows from Theorem
5.2.
Next assume δ(π,Γ) 6= 0. This happens when G =PGL3, in which case nπ′ = nΓ = 1,
or G =PGSp4 and Γ is not of type π, hence Γ is of type π
′ so that nπ′ = nΓ. Recall from
Proposition 4.4 that kΓ/nΓ = kΓ/nπ′ is odd if and only if the two glide reflection axes L0
and L1 are semi-rational, that is, mΓ = 0. In this case Theorem 5.2 implies
Z(AΓ, π
′, (−u)2/npi′ )npi′
Z2(AΓ, π,−u)
=
(
1 + ukΓ/npi′
1− ukΓ/npi′
)δ(π,Γ)npi′
.
19
Furthermore, Z(AΓ, π
′, (−u)2/npi′ ) is an even function. This is obvious when nπ′ = 1. When
nπ′ = 2, i.e. π
′ = πspin, a closed rational πspin-geodesic c has even length because the two
end points of each edge in c are of different types, with one point being primitive special and
the other nonprimitive special. Therefore the above identity can be rewritten as
Z(AΓ, π
′, u2/npi′ )npi′
Z2(AΓ, π,−u)
=
(
1 + ukΓ/nΓ
1− ukΓ/nΓ
)δ(π,Γ)nΓ
.(5.5)
This equality also holds for even kΓ/nπ′ by Theorem 5.2 because geodesic galleries in AΓ
have even lengths. This completes the proof of the theorem. 
6. Zeta functions of finite quotients of buildings
As before let F be a non-Archimedean local field with q elements in its residue field.
Denote by O its ring of integers and ̟ a fixed uniformizer. Zeta functions counting closed
geodesics contained in the 1-skeleton of finite quotient complexes arising from the Bruhat-
Tits buildings of PGL3(F ) and PGSp4(F ) have been studied in [KLW10,KL14,FLW13]. Such
a zeta function is expressed in two ways combinatorially: one in terms of edge adjacency
operators, and the other in terms of vertex adjacency operators and the chamber adjacency
operator. The establishment of these zeta identities there mostly relies on calculations with
lattice models of the Bruhat-Tits buildings and knowledge from representation theory. In
this section, we recast these expressions using group theoretic language as we did for finite
quotients of apartments in the previous sections. This will facilitate comparison with results
from section 5. We also establish a new zeta identity involving degree 5 standard L-function
in the case of PGSp4(F ), presented in Theorem 6.3.
In what follows, G = PGL3 or PGSp4, and K = G(O) denotes the standard maxi-
mal compact subgroup of G(F ). The associated building B is a contractible 2-dimensional
simplicial complex. Fix a discrete torsion-free cocompact subgroup Γ of G(F ) such that
ordF (det Γ) ⊂ 3Z if G =PGL3 and ordF (det Γ) ⊂ 4Z if G =PGSp4. The action of Γ on B by
left translation preserves the types of the vertices of the building. The quotient BΓ = Γ\B
is a finite 2-dimensional simplicial complex.
6.1. L-functions and zeta functions of geodesic walks and galleries. Let π be a
representation of the dual group Gˆ(C). Denote by Irrunr(Γ\G(F )) the set of irreducible
unramified subrepresentations of G(F ) (with multiplicity) occurring in L2(Γ\G(F )). A rep-
resentation ρ ∈ Irrunr(Γ\G(F )) is a constituent of the representation parabolically induced
from a character χρ of the maximal split torus of G(F ). The L-function of type π associated
to Γ\G(F ) is defined as a product of local Langlands L-functions
L(Γ\G(F ), π, u) :=
∏
ρ∈Irrunr(Γ\G(F ))
L(ρ, π, u) =
∏
ρ∈Irrunr(Γ\G(F ))
∏
λ∈wt(π)
(1− χρ(λ)u)
−1,
just like the apartment case (cf. §3.4).
The weights of π on the standard apartment A of B are defined in §2.3 and π-geodesics
on A and its quotients are defined in §3.1-3.2. Since a closed geodesic walk c in BΓ lifts to
a geodesic walk c′ on an apartment of B which is the image of A under left translation by
some element g ∈ G(F ), we say that c is a π-geodesic if c′ is a g(wt(π))-geodesic in gA.
20
Similarly, the zeta function of π-geodesic walks on BΓ is defined as
Z(BΓ, π, u) =
∏
c
(1− ul(c))−1
where c runs through all primitive rational closed π-geodesics in BΓ, and the normalized
length l(c) is equal to the length of c divided by the length ℓ(π) of the nontrivial weights of
π. Here the rationality condition means that the geodesic is contained in the 1-skeleton of
BΓ, as in §3.3.
Similar to the apartment case, we also consider π-geodesic galleries in BΓ. Like walks,
a π-geodesic gallery in B is contained in an apartment g(A) for some g ∈ G(F ), and the
various terminologies for π-geodesic galleries in the apartment case discussed in §5 can be
carried over to the building B and its quotients BΓ. In particular, a closed π-geodesic gallery
C in BΓ means that its lifting C
′ in g(A) is of type g(wt′(π)). Define the zeta function of
π-geodesic galleries of BΓ to be
Z2(BΓ, π, u) =
∏
C
(1− ul(C))−1,
where C runs through the equivalence classes of all primitive closed π-geodesic galleries in
BΓ, and the length l(C) is the number of π-chambers contained in a gallery in the class of
C.
6.2. Type A˜2. Suppose G = PGL3. We draw connections between the functions de-
fined above and the functions occurring in the zeta identities in [KL14, KLW10]. Let
the representations π1 and π2 of SL3(C) = Gˆ(C) be as in §5.1. These are minuscule
representations. The weights in wt(π1) can be identified with the vertices diag(̟, 1, 1),
diag(1, ̟, 1) and diag(1, 1, ̟) in the standard apartment of B, and the weights in wt(π2)
are opposite of those in wt(π1). This immediately implies Z(BΓ, π1, u) = Z(BΓ, π2, u) and
Z2(BΓ, π1, u) = Z2(BΓ, π2, u).
Given a representation ρ ∈ Irrunr(Γ\G(F )), the character χρ may be identified, up to
permutation, with a triple of unramified characters (χ1, χ2, χ3) of F
× with product equal to
1. Then ∏
λ∈wt(π1)
(1− χρ(λ)u) = (1− χ1(̟)u)(1− χ2(̟)u)(1− χ3(̟)u).
As shown in [KLW10,KL14], this gives rise to an expression for the Langlands L-function in
terms of Hecke operators A1 and A2 on L
2(Γ\G(F )/K) associated to the K-double cosets
represented by diag(1, 1, ̟) and diag(1, ̟,̟), respectively:
L(Γ\G(F ), π1, qu) =
1
det(I −A1u+ qA2u2 − q3u3I)
.
Further, it was shown in [KL14] that
Z(BΓ, π1, u) =
1
det(I − LEu)
and Z(BΓ, π2, u) =
1
det(I − (LE)tu)
,
where E is a parahoric subgroup of K, LE is the parahoric operator on L
2(Γ\G(F )/E)
associated to the double coset Ediag(1, 1, ̟)E, and (LE)
t is the transpose of LE . Likewise,
the type 2 chamber zeta function Z2,2(BΓ, u) in [KL14], which counts the number of closed
π1-geodesic galleries in BΓ, is nothing but Z2(BΓ, π1, u). As shown in [KL14], it can be
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expressed using a suitable Iwahori-Hecke operator LI acting on L
2(Γ\G(F )/I) associated to
a double coset of the Iwahori subgroup I of K. More precisely, we have
Z2,2(BΓ, u) = Z2(BΓ, π1, u) =
1
det(I − LIu)
.
The zeta function of geodesic walks of BΓ, denoted Z(BΓ, u), counts the number of rational
closed geodesic walks in BΓ in algebraic length; these closed walks turn out to be either π1-
walks or π2-walks. Hence we have
Z(BΓ, u) = Z(BΓ, π1, u)Z(BΓ, π2, u
2) =
1
det(I − LEu) det(I − (LE)tu2)
.
It was proved in [KL14, KLW10] that Z(BΓ, u) affords another expression in terms of the
Hecke operators A1, A2 and the Iwahori-Hecke operator LI :
Z(BΓ, u) =
(1− u3)χ(BΓ)
det(I − A1u+ qA2u2 − q3u3I) det(I + LIu)
,
where χ(BΓ) is the Euler characteristic of BΓ. Combining the above two expressions for
Z(BΓ, u), we rephrase the identity obtained in terms of the L-function and the zeta functions
of geodesic walks and galleries in
Theorem 6.1. With G =PGL3, the following identity for the finite quotient BΓ holds:
(1− u3)χ(BΓ)L(Γ\G(F ), π1, qu) =
Z(BΓ, π1, u)Z(BΓ, π2, u
2)
Z2(BΓ, π1,−u)
,(6.1)
where χ(BΓ) denotes the Euler characteristic of BΓ.
Let N0, N1, and N2 denote the number of vertices, edges, and chambers in BΓ, respectively.
Then N1 = (q
2 + q + 1)N0 and N2 =
1
3
(q + 1)(q2 + q + 1)N0 so that the Euler characteristic
χ(BΓ) = N0 −N1 +N2 =
1
3
(q − 1)2(q + 1)N0.
Notice that when q is set to 1, χ(BΓ) vanishes and (6.1) reduces to (5.2) in Theorem 5.3.
6.3. Type C˜2. Suppose now that G = PGSp4, then Gˆ(C) = Spin5(C) ≃ Sp4(C). As in §5.2,
denote by πspin the degree 4 spin representation of Gˆ(C), which is minuscule, and by πst
the degree 5 standard representation of Gˆ(C), which is fundamental quasi-minuscule. The
weights in wt(πspin) can be identified with diag(1, 1, ̟,̟), diag(̟,̟, 1, 1), diag(1, ̟, 1, ̟),
and diag(̟, 1, ̟, 1) in the standard apartment of B, while the non-trivial weights in wt′(πst)
are identified with the matrices diag(̟−1, 1, 1, ̟), diag(̟, 1, 1, ̟−1), diag(1, ̟−1, ̟, 1), and
diag(1, ̟,̟−1, 1).
Let N0, N1, and N2 denote the number of vertices, edges, and chambers in BΓ, respectively.
It follows from Proposition 2.2 in [FLW13] and the proof therein that N0 = (q
2+3)Np, where
Np counts the number of primitive special vertices in BΓ. Then N1 = 3(q
3 + q2 + q + 1)Np
and as BΓ is a (q + 1)-regular complex, each edge is contained in q + 1 chambers, so N2 =
(q3 + q2 + q + 1)(q + 1)Np. The Euler characteristic of BΓ is
χ(BΓ) = N0 −N1 +N2 = (q − 1)
2(q2 + q + 1)Np.
In particular, it vanishes when q is set to 1.
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The extended affine Weyl group Wext of G is generated by
s0 =
(
−̟−1
1
1
̟
)
, s1 =
(
1
1
1
1
)
, s2 =
(
1
1
−1
1
)
, and τ =
(
1
1
̟
̟
)
.
6.3.1. Spin representation. This case has been studied in detail in [FLW13]. The zeta identi-
ties are analogous to the PGL3 case, but more complicated. We proceed to draw connections
between zeta functions defined in [FLW13] and those defined in §6.1.
A representation ρ ∈ Irrunr(Γ\G(F )) is isomorphic to a subrepresentation of a principal
series χ1×χ2⋊σ = Indχρ for some unramified characters χ1, χ2, σ of F
× satisfying χ1χ2σ
2 =
1. The associated character χρ sends an element diag(a, b, cb
−1, ca−1) in the maximal split
torus of G(F ) to χ1(a)χ2(b)σ(c). Therefore∏
λ∈wt(πspin)
(1− χρ(λ)u) = (1− χ1σ(̟)u)(1− χ2σ(̟)u)(1− χ1χ2σ(̟)u)(1− σ(̟)u).
It was shown in [FLW13] that the L-function of type πspin can be expressed in terms of
the Hecke operators A1 and A2 acting on the space L
2(Γ\G(F )/K) represented by the
double cosets Kdiag(1, 1, ̟,̟)K and Kdiag(̟−1, 1, 1, ̟)K plus (q2+1) times the identity
operator, respectively, in the following way:
L(Γ\G(F ), πspin, q
3/2u) =
1
det(I − A1u+ qA2u2 − q3A1u3 + q6Iu4)
.
Moreover, the zeta function of πspin-geodesic walks agrees with the zeta function using only
type 1 edges in [FLW13] and hence can be expressed by the operator LP1 on L
2(Γ\G(F )/P1)
associated to a double coset of the Siegel subgroup P1 of K:
Z(BΓ, πspin, u) =
1
det(I − LP1u)
.
Similarly the zeta function of πst-geodesic walks agrees with the zeta function using only
type 2 edges in [FLW13] and
Z(BΓ, πst, u) =
1
det(I − LP2u)
,
where LP2 is an operator on L
2(Γ\G(F )/P2) associated to a double coset of the Klingen
subgroup P2 of K. Each πspin-chamber consists of two oriented chambers, with the orienta-
tion being the central directed edge of the πspin-chamber. The oriented chambers of B are
parametrized by the cosets of the Iwahori subgroup I in G(F ). The Iwahori-Hecke operator
LI on L
2(Γ\G(F )/I) associated to the double coset ItI defined in §3.3 of [FLW13] describes
the adjacency of the πspin-chambers in BΓ, where t = s0s1τ . As observed in Hashimoto
[Has89], the trace of LnI counts the number of closed πspin-geodesic galleries in BΓ of length
n. Hence the zeta function of πspin-geodesic galleries of BΓ is given by
Z2(BΓ, πspin, u) =
1
det(I − LIu)
.
Analogous to the PGL3 case, the zeta function of geodesic walks of BΓ counts the number
of rational closed geodesic walks in BΓ in algebraic length; it is equal to
Z(BΓ, u) = Z(BΓ, πspin, u)Z(BΓ, πst, u
2) =
1
det(I − LP1u) det(I − LP2u
2)
.
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Theorem 1.1 of [FLW13] gives another expression of Z(BΓ, u) in terms of the Hecke operators
A1 and A2 as well as the Iwahori-Hecke operator LI . Combined, we obtain the zeta identity
(1− u2)χ(BΓ)(1− q2u2)−(q
2−1)Np
det(I −A1u+ qA2u2 − q3A1u3 + q6Iu4)
=
det(I − LIu)
det(I − LP1u) det(I − LP2u
2)
.
This is reinterpreted in terms of the Langlands L-function and the zeta functions of geodesic
walks and galleries as
Theorem 6.2. For G = PGSp4, there holds the identity for BΓ:
(1− u2)χ(BΓ)(1− q2u2)−(q
2−1)NpL(Γ\G(F ), πspin, q
3/2u) =
Z(BΓ, πspin, u)Z(BΓ, πst, u
2)
Z2(BΓ, πspin, u)
.
Here Np denotes the number of primitive special vertices in BΓ, and χ(BΓ) is the Euler
characteristic of BΓ.
Because the weights of πspin connect vertices of different types, each closed πspin-geodesic
gallery has even length, so Z2(BΓ, πspin,−u) = Z2(BΓ, πspin, u). When q is set to 1, the
identity in Theorem 6.2 agrees with (5.3) in Theorem 5.3.
6.3.2. Standard representation. Identity (5.4) in Theorem 5.3 suggests the existence of an-
other zeta identity that involves the degree five standard L-functions attached to unramified
representations of G(F ). In this subsection we establish such an identity and compare it
with (5.4).
For a representation ρ ∈ Irrunr(Γ\G(F )) isomorphic to a subrepresentation of a principal
series χ1 × χ2 ⋊ σ = Indχρ as before, we have∏
λ∈wt′(πst)
(1− χρ(λ)u) = (1− χ1(̟)u)(1− χ2(̟)u)(1− χ
−1
1 (̟)u)(1− χ
−1
2 (̟)u).
Let N be the cardinality of the set Irrunr(Γ\G(F )), then N = dimL2(Γ\G)K = 2Np. Recall
that wt(πst) is the union of wt
′(πst) with the trivial weight and χρ evaluated at the trivial
weight is 1, hence
(1− u)NL(Γ\G(F ), πst, u) =
∏
ρ∈Irrunr(Γ\G(F ))
∏
λ∈wt′(π)
(1− χρ(λ)u)
−1.
To connect the L-function of type πst with Hecke operators, we keep A1, A2 the same as in the
previous subsection, and introduce two variations of A2, namely the operators A
′
2 = A2−2q
2I
and A′′2 = A2 − q
2I. By the same argument as in [FLW13] one obtains
(1− q2u)NL(Γ\G(F ), πst, q
2u) =
1
det(I − A′2u+ (qA
2
1 − 2q
2A′′2)u
2 − q4A′2u
3 + q8Iu4)
.
Let L′I be the operator on L
2(Γ\B/I) represented by the double coset It′I, where t′ =
diag(1, ̟,̟,̟2)s1 = s0s1s2. The operator L
′
I defines adjacency of the πst-chambers in BΓ.
Then the trace of (L′I)
n counts the number of closed πst-geodesic galleries in BΓ of length n.
We obtain
Z2(BΓ, πst, u) =
1
det(I − L′Iu)
.
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Consider a new zeta function on BΓ given by
Z ′(BΓ, u) =
1
det(I − LP1u)
2 det(I − LP2u)
,
which counts closed πspin-geodesic walks in BΓ twice and closed πst-geodesic walks once.
Since each closed πspin-geodesic walk has even length as the weights of πspin connect vertices
of different types, det(I − LP1u) = det(I + LP1u) so that
Z ′(BΓ, u) =
1
det(I − L2P1u
2) det(I − LP2u)
= Z(BΓ, πst, u)Z(BΓ, πspin, u)
2.
We proceed to derive a second description of Z ′(BΓ, u) in terms of the operators A1, A
′
2, A
′′
2,
and L′I .
Since Γ is a discrete cocompact subgroup of G(F ), L2(Γ\G(F )) decomposes into a direct
sum of irreducible unitary representations. To study actions of the operators introduced
above, we are only concerned with Iwahori-spherical representations. These representations
are classified into types and described in Table 1 below, which is adapted from [Sch05].
Table 1 also records the dimensions of certain invariant subspaces. The column C counts
the number
4 dimV K + dimV I − (2 dimV P1 + dimV P2)
for each type of representation (ρ, V ).
type representation (ρ, V ) V K V P2 V P1 V I C
I χ1 × χ2 ⋊ σ 1 4 4 8 0
IIa χStGL2 ⋊ σ 0 2 1 4 0
IIb χ1GL2 ⋊ σ 1 2 3 4 0
IIIa χ⋊ σStGSp2 0 1 2 4 -1
IIIb χ⋊ σ1GSp2 1 3 2 4 1
IVa σStGSp4 0 0 0 1 1
IVd σ1GSp4 1 1 1 1 2
Va δ([ξ, νξ], ν−
1
2σ) 0 1 0 2 1
Vb L(ν
1
2 ξStGL2 , ν
− 1
2σ) 0 1 1 2 -1
Vc L(ν
1
2 ξStGL2 , ξν
− 1
2σ) 0 1 1 2 -1
Vd L(νξ, ξ ⋊ ν−
1
2σ) 1 1 2 2 1
VIa τ(S, ν−
1
2σ) 0 1 1 3 0
VIb τ(T, ν−
1
2σ) 0 0 1 1 -1
VIc L(ν
1
2StGL2 , ν
− 1
2σ) 0 1 0 1 0
VId L(ν, 1F× ⋊ ν
− 1
2σ) 1 2 2 3 1
Table 1
Let mi denote the number of type i representations in L
2(Γ\G), counting multiplicity. We
are now ready to state the main result of this section.
25
Theorem 6.3. The following two expressions for Z ′(BΓ, u) hold.
Z ′(BΓ, u) =
1
det(I − L2P1u
2)det(I − LP2u)
=
(1− u)2χ(BΓ)(1− qu)t1(1 + qu)t2
det(I −A′2u+ (qA
2
1 − 2q
2A′′2)u
2 − q4A′2u
3 + q8Iu4) det(I + L′Iu)
,
where t1 = −mIIIa +mIIIb +mIV d −mV Ib +mV Id, and t2 = mV a −mV b −mV c +mV d with
t1 + t2 = −2(q
2 − 1)Np.
We follow the same approach as in [FLW13] computing eigenvalues of −L′I , ±LP1 , LP2 on
each type of representation (ρ, V ), and record the data in Table 2. The column A1, A
′
2, A
′′
2
records the reciprocals of the zeros of
det(I − A′2u+ (qA
2
1 − 2q
2A′′2)u
2 − q4A′2u
3 + q8Iu4)
arising from ρ. The reader is referred to the of allcillary in [KLW17] for details.
type −L′I ±LP1 LP2 A1, A
′
2, A
′′
2 condition
I ±q
3
2χ1σ(π) ±q
3
2χ1σ(π) q
2χ1σ
2(π) q2χ1σ
2(π) χ1χ2σ
2 = 1
±q
3
2χ2σ(π) ±q
3
2χ2σ(π) q
2χ2σ
2(π) q2χ2σ
2(π)
±q
3
2χ1χ2σ(π) ±q
3
2χ1χ2σ(π) q
2χ1χ
2
2σ
2(π) q2χ1χ
2
2σ
2(π)
±q
3
2σ(π) ±q
3
2σ(π) q2χ21χ2σ
2(π) q2χ21χ2σ
2(π)
IIa ±q ±q q
3
2χ−1(π) none χ2σ2 = 1
q
3
2χ(π), q
3
2χ−1(π) q
3
2χ(π)
IIb ±q2 ±q
3
2χ2σ(π) q
5
2χ(π) q
5
2χ(π) χ2σ2 = 1
−q
3
2χ(π),−q
3
2χ−1(π) ±q
3
2σ(π) q
5
2χ−1(π) q
5
2χ−1(π)
±q2 q
3
2χ(π), q
3
2χ−1(π)
IIIa ±qχσ(π) ±qχσ(π) q none χσ2 = 1
±qσ(π) ±qσ(π)
IIIb ±q2χσ(π) ±q2χσ(π) q3 q, q3 χσ2 = 1
±q2σ(π) ±q2σ(π) q2χ(π), q2χ−1(π) q2χ(π), q2χ−1(π)
IVa 1 none none none σ2 = 1
IVd −q3 ±q3 q4 q4, q3, q, 1 σ2 = 1
Va −q,−q none −q none σ2 = 1
Vb −q2, q ±q −q2 none σ2 = 1
Vc −q2, q ±q −q2 none σ2 = 1
Vd q2, q2 ±q2,±q2 −q3 −q3,−q2,−q2,−q σ2 = 1
VIa ±q, q ±q q none σ2 = 1
VIb −q ±q none none σ2 = 1
VIc q2 none q2 none σ2 = 1
VId q2,−q2,−q2 ±q2,±q2 q3, q2 q3, q2, q2, q σ2 = 1
Table 2
Proof. The zeta identity follows from Table 2. To show t1+ t2 = −2(q
2−1)Np, observe from
Table 1 that
4 dimL2(Γ\G)K + dimL2(Γ\G)I − (2 dimL2(Γ\G)P1 + dimL2(Γ\G)P2)
= −mIIIa +mIIIb +mIV a + 2mIV d +mV a −mV b −mV c +mV d −mV Ib +mV Id.
Note that dimL2(Γ\G)K = 2Np =
2
q2+3
N0 and dimL
2(Γ\G)I = 2N2 as the former counts
the number of special vertices and the latter counts the number of directed chambers in BΓ.
As dimL2(Γ\G)P1 and dimL2(Γ\G)P2 count the number of directed type 1 edges and type
2 edges, respectively, they are both equal to 2(q3 + q2 + q + 1)Np, and we have
2 dimL2(Γ\G)P1 + dimL2(Γ\G)P2 = 2N1.
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So the left hand side of the identity equals
8
q2 + 3
N0 − 2N1 + 2N2.
Since mIV a = 2(χ(BΓ)− 1) and mIV d = 2, the right hand side of the identity equals
t1 + t2 − 2 + 2(χ(BΓ)− 1) + 4 = t1 + t2 + 2χ(BΓ).
Comparing the two sides gives t1 + t2 = −2(q
2 − 1)Np.

We rephrase Theorem 6.3 in terms of the Langlands L and zeta functions of geodesic walks
and galleries. Put E(u, q) = (1 − u)2χ(BΓ)(1 − qu)t1(1 + qu)t2, where t1 = −mIIIa +mIIIb +
mIV d −mV Ib +mV Id, t2 = mV a −mV b −mV c +mV d with t1 + t2 = −2(q
2 − 1)Np are as in
Theorem 6.3.
Theorem 6.4. For G = PGSp4, the following identity holds:
E(u, q)(1− q2u)NL(Γ\G(F ), πst, q
2u) =
Z(BΓ, πst, u)Z(BΓ, πspin, u)
2
Z2(BΓ, πst,−u)
,
where E(u, q) is as defined above, and N is the number of special vertices in BΓ.
Leaving aside the factor E(u, q), we note that, upon letting q = 1, the remaining part
reduces to the identity (5.4).
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